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Abstract
The second order nonlinear delay differential equation with periodic coefficients
x ′′(t) + p(t)x ′(t) + q(t)x(t) = r(t)x ′(t − τ(t)) + f (t, x(t), x(t − τ(t))), t ∈ R
is considered in this work. By using Krasnoselskii’s fixed point theorem and the contraction mapping principle, we establish some
criteria for the existence and uniqueness of periodic solutions to the delay differential equation.
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1. Introduction
The first order delay differential equation
x ′(t) = −a(t)x(t) + λh(t) f (x(t − τ (t)))
and its generalizations have attracted much attention; for details see [1–7] and the references therein.
Recently, Raffoul [8] considered the nonlinear neutral differential equation of the form
x ′(t) = −a(t)x(t) + c(t)x ′(t − τ (t)) + q(t, x(t), x(t − τ (t))).
By using Krasnoselskii’s fixed point theorem, sufficient conditions are presented for the existence and uniqueness of
periodic solutions to the equation.
Liu and Ge [9] investigated the following nonlinear Duffing equation with delay and variable coefficients:
x ′′(t) + p(t)x ′(t) + q(t)x(t) = λh(t) f (t, x(t − τ (t))) + r(t).
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The existence and nonexistence of positive periodic solutions are obtained with suitable conditions imposed on f
by using the fixed point theorem in cones.
Motivated by the papers mentioned above, we aim to discuss the existence and uniqueness of periodic solutions for
the second order delay differential equation with periodic coefficients
x ′′(t) + p(t)x ′(t) + q(t)x(t) = r(t)x ′(t − τ (t)) + f (t, x(t), x(t − τ (t))), t ∈ R. (1)
Throughout this work, we always assume that
(A1) p, q : R → R+, r, τ : R → R are all continuous T -periodic functions,
∫ T
0 p(s) ds > 0,
∫ T
0 q(s) ds > 0, and
τ ′(t) = 1, for all t ∈ [0, T ].
(A2) f : R3 → R is continuous for any (t, x, y) ∈ R3 and is T -periodic in t for all (x, y) ∈ R2.
(A3) There exist positive constants L and E such that
| f (t, x, y) − f (t, z, w)| ≤ L|x − z| + E |y − w|.
Now we state Krasnoselskii’s fixed point theorem which enables us to prove the existence of a periodic solution.
For its proof we refer the reader to [10].
Theorem K (Krasnoselskii). Let M be a closed convex nonempty subset of a Banach space (B, ‖ · ‖). Suppose that
A and B map M into B such that
(i) x, y ∈ M implies Ax + By ∈ M,
(ii) A is compact and continuous,
(iii) B is a contraction mapping.
Then there exists z ∈ M with z = Az + Bz.
2. Lemmas
Let T be a positive constant. Consider the space PT = {φ : C(R, R), φ(t + T ) = φ(t)} with the maximum norm
‖x‖ = maxt∈[0,T ] |x(t)|. Obviously, PT is a Banach space.
Lemma 1 ([9]). Suppose that (A1) holds and
R1[exp(
∫ T
0 p(u) du) − 1]
Q1T
≥ 1, (2)
where
R1 = max
t∈[0,T ]
∣∣∣∣∣∣
∫ t+T
t
exp
(∫ s
t p(u) du
)
exp
(∫ T
0 p(u) du
)
− 1
q(s) ds
∣∣∣∣∣∣ , Q1 =
(
1 + exp
(∫ T
0
p(u) du
))2
R21 .
Then there are continuous T -periodic functions a and b such that b(t) > 0, ∫ T0 a(u) du > 0 and
a(t) + b(t) = p(t), b′(t) + a(t)b(t) = q(t), for t ∈ R.
Lemma 2. Suppose the conditions of Lemma 1 hold and φ ∈ PT . Then the equation
x ′′(t) + p(t)x ′(t) + q(t)x(t) = φ(t) (3)
has a T -periodic solution. Moreover, the periodic solution can be expressed by
x(t) =
∫ t+T
t
G(t, s)φ(s) ds, (4)
where
G(t, s) =
∫ s
t exp[
∫ u
t b(v) dv +
∫ s
u a(v) dv] du +
∫ t+T
s exp[
∫ u
t b(v) dv +
∫ s+T
u a(v) dv] du
[exp(∫ T0 a(u) du) − 1][exp(∫ T0 b(u) du) − 1] .
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Proof. Define Ea = exp(
∫ T
0 a(u) du) − 1, Eb = exp(
∫ T
0 b(u) du) − 1. By direct calculation, we can see that (4) is a
T -periodic solution of (3).
Suppose x(t) is a T -periodic solution of (3); from Lemma 1, we have
x ′′(t) + a(t)x ′(t) + b′(t)x(t) + b(t)x ′(t) + a(t)b(t)x(t) = φ(t),
which is equivalent to
(x ′(t)e
∫ t
0 a(u) du)′ + (b(t)x(t)e
∫ t
0 a(u) du)′ = φ(t)e
∫ t
0 a(u) du.
Integrating it from t to t + T , we obtain
x ′(t) + b(t)x(t) =
∫ t+T
t
exp(
∫ s
t a(u) du)
exp(
∫ T
0 a(u) du) − 1
φ(s) ds.
Therefore,
x(t) =
∫ t+T
t
exp(
∫ s
t b(u) du)
exp(
∫ T
0 b(u) du) − 1
[∫ s+T
s
exp(
∫ v
s
a(u) du)
exp(
∫ T
0 a(u) du) − 1
φ(v) dv
]
ds
= 1
Ea Eb
∫ t+T
t
exp
(∫ s
t
b(u) du
)∫ s+T
s
exp
(∫ v
s
a(u) du
)
φ(v) dv ds
= 1
Ea Eb
∫ t+T
t
dv
∫ s
t
exp
(∫ s
t
b(u) du
)
exp
(∫ v
s
a(u) du
)
φ(v) ds
+ 1
Ea Eb
∫ t+2T
t+T
dv
∫ t+T
v−T
exp
(∫ s
t
b(u) du
)
exp
(∫ v
s
a(u) du
)
φ(v) ds
= 1
Ea Eb
∫ t+T
t
φ(s) ds
∫ s
t
exp
(∫ u
t
b(v) dv +
∫ s
u
a(v) dv
)
du
+ 1
Ea Eb
∫ t+T
t
φ(s) ds
∫ t+T
s
exp
(∫ u
t
b(v) dv +
∫ s+T
u
a(v) dv
)
du
=
∫ t+T
t
G(t, s)φ(s) ds. 
Corollary 1. Green’s function G(t, s) satisfies the following properties:
G(t, t + T ) = G(t, t), G(t + T, s + T ) = G(t, s),
∂
∂s
G(t, s) = a(s)G(t, s) − exp
∫ s
t b(v) dv
exp
∫ T
0 b(v) dv − 1
,
∂
∂ t
G(t, s) = −b(t)G(t, s) + exp
∫ s
t a(v) dv
exp
∫ T
0 a(v) dv − 1
.
Lemma 3. The function x(t) ∈ PT is a solution of Eq. (1) if and only if
x(t) =
∫ t+T
t
{x(s − τ (s))[E(t, s) − R(s)G(t, s)] + G(t, s) f (s, x(s), x(s − τ (s)))} ds, (5)
where
E(t, s) = r(s)
1 − τ ′(s) ·
exp
∫ s
t b(v) dv
exp
∫ T
0 b(v) dv − 1
,
R(s) = (r
′(s) + a(s)r(s))(1 − τ ′(s)) + r(s)τ ′′(s)
(1 − τ ′(s))2 .
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Proof. Easily, we can see that (5) is a T -periodic solution of (1). On the other hand, if x(t) is a T -periodic solution of
Eq. (1) we have
x(t) =
∫ t+T
t
G(t, s)[r(s)x ′(s − τ (s)) + f (s, x(s), x(s − τ (s)))] ds.
Meanwhile,∫ t+T
t
G(t, s)r(s)x ′(s − τ (s)) ds =
∫ t+T
t
r(s)x ′(s − τ (s))(1 − τ ′(s))
1 − τ ′(s) G(t, s) ds
=
∫ t+T
t
r(s)
1 − τ ′(s)G(t, s) dx(s − τ (s))
=
∫ t+T
t
x(s − τ (s))[E(t, s) − R(s)G(t, s)] ds.
So, the conclusion is obvious. 
Lemma 4. Let A = ∫ T0 p(u) du, B = T 2 exp( 1T ∫ T0 ln q(u) du). If
A2 ≥ 4B, (6)
then we have
min
{∫ T
0
a(u) du,
∫ T
0
b(u) du
}
≥ 1
2
(A −
√
A2 − 4B) := l
max
{∫ T
0
a(u) du,
∫ T
0
b(u) du
}
≤ 1
2
(A +
√
A2 − 4B) := m.
Proof. As a(t) + b(t) = p(t), b′(t) + a(t)b(t) = q(t), we have∫ T
0
a(u) du +
∫ T
0
b(u) du =
∫ T
0
p(u) du and
∫ T
0
a(u) du =
∫ T
0
q(u)
b(u)
du.
Applying the inequality∫ b
a
p(x) f (x) dx∫ b
a
p(x) dx
≥ exp
(∫ b
a
p(x) ln f (x) dx∫ b
a
p(x) dx
)
,
where p(x) ≥ 0, ∫ ba p(x) dx > 0, inf f (x) > 0. We have
1
T
∫ T
0
b(u) du ≥ exp
(
1
T
∫ T
0
ln b(u) du
)
,
1
T
∫ T
0
q(u)
b(u)
du ≥ exp
(
1
T
∫ T
0
ln
q(u)
b(u)
du
)
.
So, we can easily get∫ T
0
a(u) du
∫ T
0
b(u) du =
∫ T
0
b(u) du
∫ T
0
q(u)
b(u)
du
≥ T 2 exp
(
1
T
∫ T
0
ln q(u) du
)
.
Notice that
∫ T
0 a(u) du +
∫ T
0 b(u) du =
∫ T
0 p(u) du. So the conclusion is obvious. 
Corollary 2. Functions G(t, s) and E(t, s) satisfy
T
(em − 1)2 ≤ G(t, s) ≤
T exp(
∫ T
0 p(u) du)
(el − 1)2 , |E(t, s)| ≤
∣∣∣∣ r(s)1 − τ ′(s)
∣∣∣∣ emel − 1 .
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Define the mapping H : PT → PT by
(Hϕ)(t) =
∫ t+T
t
{ϕ(s − τ (s))[E(t, s) − R(s)G(t, s)] + G(t, s) f (s, ϕ(s), ϕ(s − τ (s)))} ds. (7)
Note that to apply Krasnoselskii’s fixed point theorem we need to construct two mappings: one is a contraction and
the other is compact. Therefore, we express Eq. (7) as
(Hϕ)(t) = (H1ϕ)(t) + (H2ϕ)(t),
where H1, H2 : PT → PT are given by
(H1ϕ)(t) =
∫ t+T
t
ϕ(s − τ (s))[E(t, s) − R(s)G(t, s)] ds, (8)
(H2ϕ)(t) =
∫ t+T
t
G(t, s) f (s, ϕ(s), ϕ(s − τ (s))) ds. (9)
Lemma 5. Suppose (A1)–(A3) and conditions (2) and (6) hold. Then H2 : PT → PT is compact.
Proof. We divide our proof into two steps.
Step 1. The mapping H2 : PT → PT is continuous.
It is easy to show that (H2ϕ)(t + T ) = (H2ϕ)(t). To see that H2 is continuous, we let ϕ,ψ ∈ PT . Let
α = T exp(
∫ T
0 p(u) du)
(el−1)2 . Given 	 > 0, take δ = 	/M such that ‖ϕ − ψ‖ < δ. By making use of (A3) we get
‖H2ϕ − H2ψ‖ ≤
∫ t+T
t
α(L‖ϕ − ψ‖ + E‖ϕ − ψ‖) ds
≤ M‖ϕ − ψ‖ < 	
where M = Tα(L + E). So H2 is continuous.
Step 2. The mapping H2 : PT → PT is compact.
To show that H2 is compact, we let ϕn ∈ PT with ‖ϕn‖ ≤ N , where n is a positive integer and N > 0. In view of
(A3) we arrive at
| f (t, x, y)| = | f (t, x, y) − f (t, 0, 0) + f (t, 0, 0)|
≤ | f (t, x, y) − f (t, 0, 0)| + | f (t, 0, 0)|
≤ L‖x‖ + E‖y‖ + F
where F = maxt∈[0,T ] | f (t, 0, 0)|. Hence, we obtain that
‖H2ϕn‖ ≤ D
for some positive constant D. Now, it can be easily checked that
(H2ϕn)′(t) =
∫ t+T
t
[
−b(t)G(t, s) + exp
∫ s
t a(v) dv
exp
∫ T
0 a(v) dv − 1
]
f (s, ϕn(s), ϕn(s − τ (s))) ds,
so
‖(H2ϕn)′‖ ≤ T
(
α‖b‖ + e
m
el − 1
)
(N L + N E + F).
Thus the sequence (H2ϕn) is uniformly bounded and equi-continuous. The Arzela–Ascoli theorem implies that
(H2ϕn) is relatively compact. So H2 is a compact operator. 
Lemma 6. Suppose (A1)–(A2) and conditions (2) and (6) hold. Then H1 : PT → PT is a contraction provided that
max
t∈[0,T ]
∣∣∣∣ r ′(t)1 − τ ′(t) + r(t)τ
′′(t)
(1 − τ ′(t))2
∣∣∣∣ and maxt∈[0,T ]
∣∣∣∣ r(t)1 − τ ′(t)
∣∣∣∣ ,
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are bounded and
T (β + αγ ) < 1, (10)
where
β = max
t∈[0,T ]
∣∣∣∣ r(t)1 − τ ′(t)
∣∣∣∣ emel − 1 , γ = maxt∈[0,T ] |R(t)|. (11)
Proof. It is easy to check, so we omit the details. 
3. Main results
Theorem 1. Suppose (A1)–(A3) and conditions (2), (6) and (10) hold. Suppose G > 0 satisfies
T (β + γα + αL + αE)G + αT F ≤ G.
Then (1) has at least one T -periodic solution.
Proof. Define M = {ϕ ∈ PT : ‖ϕ‖ ≤ G}. Then Lemma 5 implies H2 : PT → PT and H2 is compact and continuous.
Also, from Lemma 6, the mapping H1 is a contraction and it is clear that H1 : PT → PT . Next, we show that if
ϕ,ψ ∈ M, we have ‖H1ϕ + H2ψ‖ ≤ G. Let ϕ,ψ ∈ M with ‖ϕ‖, ‖ψ‖ ≤ G. Then from (8) and (9) and the fact that
| f (t, x, y)| ≤ L‖x‖ + E‖y‖ + F , we have
‖H1ϕ + H2ψ‖ ≤ (β + γα)
∫ t+T
t
‖ϕ‖ ds + α
∫ t+T
t
[(L + E)‖ψ‖ + F] ds
≤ T (β + γα + αL + αE)G + αT F ≤ G.
Krasnoselskii’s fixed point theorem implies that there exists x in M such that x = H1x + H2x . By Lemma 3, this
fixed point is a solution of (1). Hence (1) has a T -periodic solution. 
Theorem 2. Suppose (A1)–(A3) and conditions (2), (6) and (10) hold. If
T (β + γα + Lα + Eα) < 1,
then Eq. (1) has a unique T -periodic solution.
Proof. Let the mapping H be given by (7). For ϕ,ψ ∈ PT , we have
‖Hϕ − Hψ‖ ≤
∫ t+T
t
[(β + γα)‖ϕ − ψ‖ + α(L‖ϕ − ψ‖ + E‖ϕ − ψ‖)] ds
≤ T (β + γα + Lα + Eα)‖ϕ − ψ‖.
This completes the proof. 
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